A series of stirred tanks for the thermal treatment of liquid foods is easy to model and operate. Good modelling leads to accurate predictions and small uncertainties in the lethality, giving a safe food product because of a small chance of underprocessing. Mathematical proof is presented that the minimum overall reactor volume for a given degree of thermal destruction of cells or spores is obtained when the stirred tanks are of equal size. Analytical techniques based on theoretical residence time distributions are employed to find the optimum number of tanks in. the series using capital and operation costs in the definition of the objective function. If typical scaling factors are used, these optima depend only on the degree of reduction of viable cells/spores sought and a dimensionless economic parameter relating operating and capital costs if a single stirred tank were employed.
Introduction
The capital and operation oosts of thermal processing of foods are usually important contributions to the final oost. The performance of a continuous thermal process can be optimized a posteriori using response surface methodology (Box et ai., 1978) , but the optimal a priori design of equipment requires an accurate mathematical modelling of the processo Models provide an insight to the physico-chemical phenomena occurring during thermal processing and understanding of this unit operation (Thome, 1985) . A suspension of cells or spores subjected to a continuous heat treatment and vigorous stirring is one of the best examples of a completely segregated ftow system (Bailey & Ollis, 1986) . The theoretical simulation of the reduction of the viable cell (or spore) count by the applied heat requires the knowledge of their residence time ,distribution.
Sterilization, pasteurization, and other thermal treatment processes have been traditionally modelled as irreversible, pseudo first order chemical reactions. This means that if any of the aforementioned processes is to be carried out on a continuous fashion, an ideal plug-ftow reactor (PFR) would theoretically be better than a continuous stirred tank reactor (CSTR) not only because a PFR requires a smaller reactor volume than. a CSTR for the same degree of lethality (Rill, 1977) but also because a PFR ensures that all ftuid elements spend the same time inside the reactor (the residence time distribution, RTD, associated with a CSTR has the form of a decaying exponential).
It should be emphasized that a plug-ftow behaviour is an idealization; the hydrodynamic behaviour of classical heat transfer equipment, Le. tubular, scraped surface, and plate heat exchangers (Tragardh & Paulsson, 1985) , ranges, in practice, from laminar ftow. to cornpletely developed turbulent ftow. Laminar ftow is observed at low Reynolds numbers and is characterized by a segregated ftow associated with residence times spreading from Ttot/2to 00(where Ttotis the mean residence time for the reactor). Turbulent ftow occurs at high Reynolds numbers; it is characterized by a very high degree of turbulence inside the ftuid resulting from extensive convective transport by smalI-s.cale eddies, and has a smalIer spread of residence time around Ttot. The RTD is a complex function of, e.g., the shape and area of the crosssectional surface, the smoothness of the inner surface, and the location and shape of bafftes or fins mounted on the inner surface of the heat exchanger, and must be carefully evaluated in each sitmition.. Even if it were possible to achieve true plug ftow, the heat transfer frorn an external source to the siurry requires a radial temperature gradient; the temperature of the elements of ftuid changes both 10ngitudinalIy and radially.
The number, n, of viable celIs emerging from the reactor can be ca1culated from:
where ko and Ea~t are the pre-exponential factor and the activation energy, respectively, of the Arrhenius law associated with the kinetic constant describing the first order destruction of. viability of celIs or spores, Rg is the gas constant, T is the residence time,. T{t, T} is the absolutetemperature of the ftuid elements with residence time T at the instant t, andE{T} is the residence time distribution. (Two simplifying assumptions were used to obtain the above result: each of the segregated ftuid elements is so small that virtualIy no temperature gradients develop within its boundaries, and alI fluid elements with the same residence time share the same thermal history.)
A detailed knowledge of the temperature variation seen by each ftuid element during the time it remains inside the reactor (T) is necessary in order to evaluate equation (1); the distribution of temperatures can be obtained from the integration of the partial differential equation associated with heat conduction within the ftuid (Bird et aI., 1960) . Such a task is very difficult and the simplifying assumptions necessary to solve this problem lead to a high leveI of uncertainty in the predicted lethality in classical tubular heat exchangers and has often led to operation at excessively conservative safety limits (e.g. although the Botulinum cook is normalIy a 12D process, most meat products are subjected to conditions equivalent to treatment betw.een 30 and 75D).
The ftuid elements inside a CSTR are alI subjected to the same temperature at alI times. However, a fraction of the fluid wilI be undertreated due to the RTD in this reactor. This problem can be alIeviated by running the thermal process in a series of CSTRs (Hill, 1979) . The mathematical evaluation of sterility is much simpler for a series of CSTRs than for a PFR; equation (1) reduces to:
where k denotes the first order constant associated with the thermal destruction of celIs or spores.
The purpose of this paper is to derive the number of units in a series of CSTRs that gives, for a given degree of sterilization, the minimum overalI costs (i.e. capital costs and operation costs extending throughout the useful life of the equipment). This can be used as a shortcut method for design because it provides a means of comparing the costs of buying and operating a classical tubular reactor with the corresponding costs of an optimized series of CSTRs achieving the same reduction of viable celIs/spores. This work is relevant to the food industry because better modelling of a series of CSTRs leads to more accurate predictions and smalIer uncertainties in the lethality. Consequently, one is likely to obtain a safer food product because there is a smalIer chance of underprocessing.
(2)
Mathematical analysis
The residence time distribution in a system of N CSTRs in series, E*N{'t}, is (see Appendix 1):
where Ti is the mean residence time for the i th unit in the series of CSTRs. Substitution of equation (3) in equation (2) and integration yields:
. N
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For the sake of convenience, the relation between every 'ti (i = 1, 2, ..., N-1, N) and Ttotin equation (4) 
Equation (5) means that alI CSTRs in the optimized series must have the same volume. The residence time distribution in a system of N equal-sized CSTRs in series, EN{'t}, is (see Appendix 1): .
Using equation (6) in equation (2), one gets:
In obtaining equation (7), advantage was taken of the fact that nln{'t =O}as defined in equation (2) is formally identical to the definition of the Laplace transform of E{t} with the usual parameter s replaced by k (Bailey & Ollis, 1986) . (It should be noted that here 'ttotis dependent on N.) The total cost of operating a series of N equal-sized CSTRs, CtObis the sum of capital costs, Ccap,tohand operating costs, Cop,tot. In order to use the same base of calculation, it is assumed,that (1) the useful operating life of the reactor system is tov, and (2) the operating costs of the system are mainly the energy costs, CE, due to the agitation of the slurry. This"can be mathematically expressed as: (7) 4 Ctot = Ccap,tot + Cop,tot = NCcap,i + NP;tovCE (8) where Ccap,i denotes the capital cost of a single CSTR unit and Pi denotes the nominal power of the stirrer associated with each CSTR unit.
If geometric similarity is maintained, then scaling of equipment construction costs can be done accurately using a fixed power of the capacity ratio (Peter & Timmerhaus, 1980) . The exponent, m, is usually of the order of 0.6 (or 3/5) (Peters & Timmerhaus, 1980) . Therefore, the equipment cost of one CSTR, Ccap,i,can be found from: I where Vis the volume of the reactor, and subscript ref denotes a reference value. The power consumption for stirring the fluid inside a CSTR, Pi, depends upon fluid properties (density and viscosity), the stirrer rotation rate «(O), the diameter of the impeller (Di), and the drag coefficientof the impeller (CD). A classicalstudy by Rushton et ai. (1950) indicates that for various impeller geom~tries the relation Pi = Nj x~X (O~Dj~is valid (where~,~, and~are constants depending on the type of flow regime and the type of impeller, Pi denotes the overall power input, and Nj is the number of impellers welded on the same stirrer shaft). Perfect mixing requires turbulent conditions to exist inside the fluido For the turbulent regime, the exponents and~are usually found to be C. 3.0 and 5.0, respectively (Rushton et ai., 1950) .
Perfect mixing is also characterized by a characteristic recirculation time which is inversely proportional to the stirrer rotation rate (Oldshue, 1966) . The liquid recirculation flow rate F through the impeller region varies as a cross-sectional area nD? and tank average impeller velocity varies as (ODj.ThUS FIV is proportional to (o, a quantity of importance since it is inversely proportional to the time that the fluid may spend away from the homogenizing influence of the impeller. In order to keep the mixing pattems similar during scaling of equipment, (Oshould thus remain the same. If, in addition, geometric similarity is to be maintained, then H = ô x d and Di = Yx d, where H and dare the height and lhe diameter of the tank, respectively, and ô and y are known constants. Using the definition of the volume of a cylindrical tank coupled with the definition of 'ttOh one finally obtains the following expression for the power requjred for stirring the fluid:
.
where TIis defined as TI==~/3.
The value of 'trefcan be arbitrarily made equal to 'ttotwhen a single CSTR is used. Setting N = 1 in equation (7), one obtains:
\ For a general N, equation (7) can be rearranged to yield:
Combining equations (9) and (10)- (12), one obtains:
The number of CSTR units leading to the minimum overall cost of the series is obtained via:
Employing equation (13) in equation (14) followed by algebraic manipulation finally leads to the following expression relating the number of units, Nopt, leading to a minimum value of C*tot, to the relevant dimensionless parameters:
The optimum number of units (and corresponding overall dimensionless cost) in a series of CSTRs are given in Tables 1 and 2 for degrees of lethality ranging from 1 to 12D and for values of the dimensionless parameter S ranging from 10-6 to 106under the assumption that m = 3/5 and TI= 5/3. In generating these tables, a FORTRAN algorithm employing double precision variables was required. If the operation costs over the usefullife of the CSTR are expected to be small compared with the capital costs (i.e. S« 1), or if the operation costs over the entire usefullife of the CSTR are expected to be large compared with the capital costs (i.e. S» 1), then equation (15) The usefulness of the above concepts is outlined in the following practical situation.
Numerical example
To reduce the levei of contamination of 30m3 h-I of raw milk by 2D, it is pasteurized at 71.7°C in a series of jacketed CSTRs ma de of stainless steel with a usefullife of 10 years (operating 330 days per year, 16h per day); this gives tov = 5.28X104h. The scaling exponent for capital costs associated with this equipment is c. 0.58 (Peters & Timmerhaus, 1980) , so m -3/5. The stirring in each CSTR is by a set of 10 paddletype impellers (i.e. Ni = 10) so as to achieve turbulent conditions (Re-1O6); the scaling exponent~, for agitation power for this type of impeller, is c. 5.1 (Rushton et ai., 1950) , so 'YJ-5/3. If pasteurization were to be accomplished at the same temperature in a batch-stirred container, standard regulations require that the holding time should be 15s, so k=0.307s-l. Using equation (11) one gets 'tref=322s, and consequently the volume of a single CSTR able to achieve the same lethality at the given flow rate should be 2.687m3. Using Ô = 2 and y = 0.75, one gets d = 1.196m
and Di = 0.897 m. The detinition of Reynolds number (Rushton et ai., 1950) yields w = 1.243s-l or 74.6r.p.m. This would require a stirrer engine with a power of 227.6 W per impeller (Rushton et ai., 1950) , or Pref = 2.276 kW because 10 impellers are used on a single vertical shaft. The price of this complete piece of equipment would be Ccap,ref=US$l1 300. The cost of electricity is CE=US$O.lkW-l h-I.
Using equation (13), one gets =:= 1.063. Using =:-10°together with 10glO{lIR} = 2 as entries for Table 1 , one obtains Nopt = 4. Using Table 2 , one obtains Crot= 0.410; combination of this value with Ccap,refyields Ctot = US$ 4633. This overall cost can now be compared with the sum of capital and operating costs associated with the use of an alternative apparatus able to bring about the same degree of lethality. If a classical heat exchanger were to be designed for this purpose, much more stringent assumptions concerning the nature and behaviour of the system (e.g. laminar flow, no radial temperature gradients, etc.) and more involved compute r calculations would be required to estimate the size of this piece of equipment (cf. Teixeira & Shoemaker, 1989 8.50 X 10-1 4.03 X 10-1 1.51 X 10-1 5.06 X 10-2 1.59 X 10-2 . 4.79 X 10-3 1.40 X 10-3 4.03 X 10-4 1.14 X 10-4 3.18 X 10-5 8.78 X 10-6 2.41 X 10-6 7 8.52 X 10-1 8.69 X 10-1 9.73 X 10-1 1.44 x 100 2.88 x 100 6.64 x 100 1.57 X 101 3.98 X 101 2.40 x IOZ 4.04 X 10-1 4.10 X 10-1 4.51 X 10-1 6.41 X 10-1 1.25 x 100 2.87 x 10°6.76 x 100 1.93 X 101 1.53 X 10-1 1.67 X 10-1 2.32 X 10-1 4.45 X 10-1 1.01 x 100 2.38 x 100 5.07 X 10-2 5.12 X 10-2 5.52 X 10-2 7.51 X 10-2 1.41 X 10-1 3.20 X 10-1 1.60 X 10-2 1.72 X 10-2 2.29 X 10-2 4.22 X 10-2 4.83 X 10-3 5.13 X 10-3 6.69 X 10-3 1.41 X 10-3 1.49 X 10-3 4.05 X 10-4
Arrows indicating the same values along the rows.:
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'" hydrodynamic behaviour of the fluid along the series of CSTRs (i.e. the RTD of each CSTR unit is described by a simple exponentiallaw), and it can be easily tested using a tracer technique; any significant deviation from perfect mixing may in principIe be compensated by increasing the rate of stirring.
Discussion
There are several contributions to the variable operating costs of a series of CSTRs employed in thermal processing: cost of the energy used to drive the stirrer, cost of producing the steam used as the heating fluid, cost of pumping the steam through the jacket of the reactor, cost of pumping the food slurry through the series of reactors, etc. However, one of the purposes of the analysis reported in this paper is to compare the costs of the performance of a series of CSTRs with the costs of a tubular heat exchanger for the same degree of lethality. Since the costs of producing and pumping the steam, as well as the costs of pumping the slurry, are similar in both cases, these can be dropped from the economic analysis.
ln order for an optimum number of units of the series of CSTRs to exist, in general at least one of the two exponential factors (i.e. m or TJ)must be smaller than unity. lnspection of Tables 1 and 2 emphasizes the fact that for a degree of thermal reduction of aD, the performance of a PFR is virtually equivalent to the performance ofthe optimized series of CSTRs provided that a ::S10glO{ S}. Forlethality characterized by a~7 the ratio of cost of performance of the overall series of CSTRs consisting of N optunits to the capital cost of a single CSTR able to achieve the same lethality does not depend on parameter S in the range from 10-6 to 106. The values of Nopt remain constant or increase, and the values of Crotremain constant or increase with increasing S. The values of C~pt always decrease with decreasing R. A1though the values of Nopt never decrease with decreasing R for S::s 1, a different situation occurs for S~1 where a maximum of Nopt exists for an intermediate value of R. For R < 10-12, the values obtained for Nopt (not shown) become excessively high and the associated values for C~pt (not shown) become excessively small; hence, use of a series of CSTRs for thermal processing is no longer realistic under these circumstances.
The overall analysis was developed in dimensionless form; this approach allows any consistent system of units to be used. It is notable that the optimum number of units of the series of CSTRs (and the corresponding minimum overall costs) depends only on two dimensionless parameters: the degree of thermal reduction (R) and a ratio of operating to capital costs (S) using a reactor system consisting of a single CSTR. ln order to obtain absolute figures for the overall cost, knowledge of the size of a single CSTR able to perform the same degree of thermal reduction is necessary, Although for high degrees of thermal reduction (say, above 8D) excessively large values may result for the size of the reactor (and, thus, for its cost) as well as for the power of the stirrer driver, one should emphasize that such unusual values are only used as a basis of ca1culation; hence they are not required to lie within reasonable working ranges.
(

Conclusions
The number of units, Nopt, of a series of CSTRs yielding the minimum overall cost for a aD thermal process can be ca1culated using the empirical expression Nopt =2a which is valid for 1::s n::S 11 and a~(3 + 10glO{S}) (cf. Table 1 ). The associated dimensionless cost Ctot can then be directly obtained by using the value of N opt for N in equation (13).
The method developed is useful for the design of an optimized series of CSTRs because it leads to a quick estimation of the number of units in the series leading to the lowest overall performancecost. If the cost of a single CSTR able to perform the same degree of reduction of viable cells/spores is known, then the overall performance cost can be calculated. This overall cost can then be compared with the cost of an altemative heat exchanger (e.g. tubular, scraped surface, or plate) able to effect the same degree of lethality. The capabilities of estimating Nopt and Ctot,optare important in the preliminary economic evaluation of a thermal process involving liquid foods.
The predicted lethality using the model developed depends only on the assumption that complete mixing occurs in each CSTR. This requires efficient and uniform mixing, which usually means higher stirrer speeds. Mathematical simulation of the behaviour of the series of CSTRs leads to more reliable predictions pertaining to lethality than simulation of equivalent tubular heat-exchanging equipment (because the latter requires more extensive simplifying assumptions, which are also more difficult to test). The risk of underprocessing the food is thus reduced and a safer product may be obtained.
Expanding the last term of equation (Ai) in pàrtial fractions (Stephenson, 1973) , one obtains:
Application of van der Laan's theorem (Villermaux, 1973) , which states that E*N{t} =Ls-l{G*N{S}}, one finally obtains equation ( 
Application of van der Lann's theorem (Villermaux, 1973) , which states that EN{t} = Ls-l{GN{s}}, one finally obtains equation (6) For a given nln{t = O}, the distribution of individual residence times in a series of CSTRs that yields a minimum value for t,o' can be obtained from (Stephenson, 1973) :
where <X-i,Ndenotes the vector of <Xj (j = 1, 2, .. ., ..., N-1), and <X-Ndenotes the vector of <Xi (j = 1, 2, . . ., . . . , N-1). Using physical arguments, one concludes that the denorninator in equation (A4) remains finite and is always negative because nln{t = O} is a monotonically decreasing function of t,o" Consequently, the conditions leading to a rninimum of t.ol with respect to <Xi are the same conditions that lead to a rninimum of nln{t = O} with respect to <Xi' The above reasoning allows equation (A4) to be rewritten as:
here <X-h denotes the vector of <Xj(j = 1, 2, ..., i -1, i + 1, ..., N-1, N). Using the fact that
The only solution of equation (A6) i-I, i+ 1 vector of CXj (j= 1,2, """, """, N-l) n vector of CXj (j= 1,2, """, ",", N-l) empirical constant ratio of geometric dimensions ratio of geometric dimensions auxiliary variable empirical constant residence time (s) mean residence time of the i th unit in the series of CSTRs (s) reference mean residence time (s) 
